We introduce (k, l)-regular maps, which generalize two previously studied classes of maps: affinely k-regular maps and totally skew embeddings. We exhibit some explicit examples and obtain bounds on the least dimension of a Euclidean space into which a manifold can be embedded by a (k, l)-regular map. The problem can be regarded as an extension of embedding theory to embeddings with certain non-degeneracy conditions imposed, and is related to approximation theory.
Introduction
Two lines in a Euclidean space are called skew if they are not parallel and do not intersect. A submanifold M n of R N is said to be totally skew if arbitrary tangent lines to M at any two distinct points are skew. Equivalently, one can define an immersion f : M n → R N to be totally skew if for all x, y ∈ M n the tangent spaces d f (T x M) and d f (T y M) as affine subspaces of R N have an affine span of maximal possible dimension, that of 2n + 1.
Totally skew embeddings have been introduced and studied in [10] . Other closely related classes of embeddings into affine and projective spaces defined in terms of mutual positions of tangent spaces at distinct points are skew embeddings and T-embeddings and they have also received a considerable amount of attention, see [7] [8] [9] [10] [16] [17] [18] [19] .
Another 1 The study of k-regular maps was motivated by the theory of Chebyshev approximation. It was conducted by non-algebro-topological methods in [3, 4] , while Handel [6, [11] [12] [13] [14] [15] introduced cohomological methods using configuration spaces to obtain various existence and non-existence results. Vassiliev [20] independently studied k-regular maps under the name 'k-interpolating spaces of functions', using topological methods similar to those of Handel. He was interested in the interpolating properties of a finite dimensional space of continuous functions on a topological space. Namely, he calls a finite dimensional space L of continuous functions on a topological space M, k-interpolating if every real-valued function on M can be interpolated at arbitrary k points of M with an appropriate function from L. The connection with k-regular maps is as follows: the functions f 1 , . . . , f N span a k-interpolating space of functions if and only if the map f = ( f 1 , . . . , f N ) is k-regular. In other words, f is k-regular if and only if we can prescribe values at any distinct k points of M for functions in the span of coordinate functions of f .
One of the main questions that arises in the study of all mentioned maps is to find the lowest possible dimension of the target Euclidean space which allows them. For example, for a given manifold M n , what is the smallest dimension N = N (M n ) such that M n admits a totally skew embedding in R N ? As is, this question has been answered for very few manifolds. Results are available only for line, circle and plane: N (R 1 ) = 3, N (S 1 ) = 4, N (R 2 ) = 6, see [10] . Ghomi and Tabachnikov actually give totally skew embeddings of line, circle and plane in the Euclidean space of minimal possible dimension and these are the only known explicit examples of optimal totally skew embeddings. According to the same authors [10], dimension n submanifolds of R N are generically totally skew when N ≥ 4n + 1. This abundance of totally skew embeddings contrasted with the scarcity of available examples points to another object of investigation: finding more of them.
The same question can be asked for k-regular maps, and one result, that both Handel [14] and Vassiliev [20] reached, is for instance, that when k is even, N (S 1 ) = k + 1, and when k is odd, N (S 1 ) = k. While the result for odd k is almost immediate, to achieve the result for k even, they both used non-elementary topological methods, in particular, characteristic classes.
We introduce a class of regular maps, so called (k, l)-regular maps, which generalize both totally skew embeddings and affinely k-regular maps, and ask the same question of determining minimal dimensional target Euclidean space. This problem can be regarded as an extension of investigations that led to the birth of embedding theory-an extension to the embeddings with certain prescribed non-degeneracy conditions. The interpretation of (k, l)-regular maps in the language of the approximation theory is as follows: it turns out that a smooth map f = ( f 1 , . . . , f N ): M n → R N on a smooth manifold M n is (k, l)-regular if and only if for every function in the span of 1, f 1 , . . . , f N we can prescribe not only values at any distinct points x 1 , . . . , x k , y 1 , . . . , y l but directional derivatives as well in any direction at the last l points. Thus, the existence of (k, l)-regular maps is equivalent to the possibility of interpolating functions on M n through any k + l points and up to the first order derivatives in arbitrary directions at the last l points. Finally, let us mention that there is an obvious connection with recent work of Arnold and his school, see [1] .
In this paper, we generalize existing estimates for totally skew and affinely k-regular maps to our class, provide explicit examples in the case of line, circle and plane and determine the
